In this work, we consider an integrable three-component coupled Hirota (tcCH) equations in detail via the Riemann-Hilbert (RH) approach. We present some properties of the spectral problems of the tcCH equations with 4 × 4 the Lax pair. Moreover, the RH problem of the equations is established via analyzing the analyticity of the spectrum problem. By studying the symmetry of the spectral problem, we get the spatiotemporal evolution of scattering data. Finally, the N-soliton solution is derived by solving the RH problem with reflectionless case. According to the resulting N-soliton solution, the influences of each parameters on collision dynamic behaviors between solitons are discussed, and the method of how to control the interactions are suggested by some graphic analysis. In addition, some new phenomenon for soliton collision is presented including localized structures and dynamic behaviors of one-and two-soliton solutions, which can help enrich the nonlinear dynamics of the N-component nonlinear Schrödinger type equations.
Introduction
Hirota equation describing plane selffocusing and one-dimensional self-modulation of waves [1] is further developed based on nonlinear Schrödinger equation which is a kind of very important model in hydrodynamics, optical fiber transmission, etc. The Hirota equation reads [2] iq t + 1 2 q tt + |q| 2 q − iα 3 q ttt − i6α 3 |q| 2 q t = 0, (1.1) in dimensionless form. The Hirota equation reduces the nonlinear Schrödinger equation when α 3 = 0. After that, the coupled Hirota equations are proposed and considered to describer the pulse propagation in a coupled fiber with higher-order dispersion and self-steepening. The equations read
(1.2) Its Darboux transformation [3] has been studied, which yields a lot of rich and good properties for the coupled Hirota equations. But the coupled Hirota equations can not be used to solve the compatibility problems of the wavelength division multiplexing and linear system [4] , then a new form of Hirota system is proposed which is the threecomponent coupled Hirota equations (tcCH)
where q 1 (x), q 2 (x) and q 3 (x) are complex envelops, q * i (i = 1, 2, 3) is the complex conjugate of q i , and ǫ denotes the strength of high-order effects which is a small dimensionless real parameter. The Lax pair of the tcCH equations has been derived by Bindu [4] , as well as rogue wave and breather wave solutions of the tcCH equations (1.3) have been obtained in [5] .
The inverse scattering transformation is a powerful analytical tool to solve integrable systems, which plays an indispensable role in the field of nonlinear sciences.
Riemann-Hilbert (RH) approach is developed by Zakharov et al [6] based on the theory of inverse scattering transformation which is applied to the field of integrable systems. In recent years, RH approach has been used to study a lot of works in solving integrable models [7] - [31] . The main purpose of this work is to find more abundant Nsoliton solutions of the tcCH equations (1.3), and revealing the propagation behavior of the solutions via the RH approach.
The structure of this work is given as follows. In section 2, we analyze the spectrum problem of the tcCH equations in detail and get the analytical propertes of Jost functions. In section 3, the RH problem is established based on the previous conclusions.
Moreover, we study the symmetry of scattering matrix and the time-spatial revolutions of the scattering data. In section 4, we can derive the N-soliton solution of the tcCH equations (1.3) via solving the resulting RH problem. In addition, the propagation behavior of soliton solution is analyzed by taking the single-soliton and two-soliton solutions for examples. Some conclusions and discussions are presented in the final section.
Direct Scattering Transform
In this section, we shall investigate the RH problem of the Eq.(1.3) via the direct scattering transform. The Lax pair of the tcCH equations reads
is column vector function, and λ is the complex spectral param-
, which is the compatibility condition of the lax pair (2.1).
For the convenience of calculations, we introduce a new Jost function J = J(x, t; λ)
where σ = diag(−2, 1, 1, 1). According to Eq. (2.2), the lax pairs can be converted to
In the study of the symmetry of matrix Q, we only consider the first expression of Eq.(2.3). The another expression is useful in the process of inverse scattering, so it is temporarily omitted. Next let us consider two solutions J ± = J ± (x, λ) of the first expression of Eq.
with the asymptotic conditions
5)
where I represents a 4 × 4 indentity matrix.
Next, we study the analytic properties of J ± (x, λ) and give the following proposition.
Proposition 2.1.
allow analytic extensions to the upper half λ-plane C + ;
allow analytic extensions to the lower half λ-plane C − .
Proof. Two solutions are completely determined by Volterra integrable equations
According to [32] , the analyticity of J ± is equivalent to that of integrand function To prove the following conclusion, we first introduce a theorem.
Then, we know that
Next, we can get det Y = C 0 e x x 0 trA(t)dt through integral. Then making x = x 0 , we can
Now we finish this proof.
Corollary 2.3. Since tr(Q) = 0, we know that
(2.10)
Introducing the notation E = e ic 1 λσx , one can know that J − E and J + E are matrix solutions of the x-part of Eq.(2.3), so they are linear dependent. There is a 4 × 4 scattering matrix S (λ) = (s k j ) 4×4 to make these two solutions satisfy In order to establish the RH problem, we need to consider the inverse matrix of J ± and block it by rows. Marking it as
and it is not difficult to check that J −1 ± is determined by the equation of K Further, 
According to the analytic properties of [J −1 + ] and [J − ], we can proof the proposition. Similarly, the analytic properties of r i j can be obtained.
Riemann-Hilbert problem
To construct the RH problem, we need to seek the two analytical functions in different regions C ± . Take
which is analytical in C + . In addition, the following asymptotic behavior of P 1 can be determined by
Similarly, constructing a matrix function P 2 = P 2 (x, λ) is analytic for λ in C −
Furthermore, the following asymptotic behavior of P 2 can be determined by
Based on the about results, the RH problem of tcCH equations can be formed.
Theorem 3.1. Denoting the limit of P 1 on the left side of the real λ-axis is P + , and the limit of P 2 on the right side of the real λ-axis is P − . We can obtain P ± is analytic in C ± ; (3.5)
r 12 e −3ic 1 λx r 13 e −3ic 1 λx r 14 e −3ic 1 λx s 21 e 3ic 1 λx 1 0 0
To sum up the above analysis, the following conclusions are drawn.
Noticing Q † = −Q, here † means the Hermitian of a matrix, the following conclusions can be drawn.
Obviously, it is easy to obtain that
Besides, we get
Therefore, in terms of Eq.(3.12a) as well as Eq.(3.13), we can know that if λ is a zero of det P 1 ,λ = λ * is a zero of det P 2 . Assuming that det P 1 has N simple zero {λ j } N 1 in C + , thus det P 2 also has N simple zero {λ * j } N 1 , which are all in C − . Here, these zeros and the nonzero vectors, which is w j and w * j respectively, constitute the full set of the scattering data, such that
Then one can obtain the following relation
Proposition 3.4. The time-spatial revolutions of w j andŵ j are listed below:
18)
where w j,0 is a complex constant vector.
Multi-soliton Solutions
For the RH problem Eq.(3.6), the solutions (for details, please refer to [33] ) are given as follows:
where M is a N × N matrix whose elements are m k j =ŵ k w j
Taking Laurent series expansion for P 1 yields which implies
.
(4.5)
From Eq.(4.1), we can directly calculate
Supposing the nonzero vector satisfies w j,0 = α j , β j , γ j , 1 T , and θ j = i(c 1 λx + c 2 λ 3 t + c 3 λ 2 t) with λ j = ξ j + iη j ξ j 0, η j > 0, 1 ≤ j ≤ N , therefore we obtain
Then
As a result, N-soliton solution to the tcCH equations (1.3) can be derived by
where M = m k j N×N is defined by
Taking N = 1 in Eq.(4.7), single-soliton solution is listed as follows
where
In what follows, let us discuss the case when N = 1. Figs. 1-3 show the singlesoliton solutions by choosing the appropriate parameters. We find that different parameters have different effects on the solutions, such as the smaller ǫ yields the higher the peak value, and the larger ǫ yields the lower the peak value, etc.
(a1) (a2) (a3) Figure 1 . The single-soliton solutions for |q 1 | with the parameters selection α 1 = 1 + 2i,
(a1) three dimensional plot at time t = 0 in the (x, t) plane, (a2) density plot, (a3) The wave propagation along the x-axis with t = −10, t = 0, t = 10.
(b1) (b2) (b3) Figure 2 . The single-soliton solutions for |q 1 | with the parameters selection
(b1) three dimensional plot at time t = 0 in the (x, t) plane, (b2) density plot, (b3) The wave propagation along the x-axis with t = −10, t = 0, t = 10.
(c1) (c2) (c3) When taking N = 2, the two-soliton solution can be expressed by 
Next, we discuss the case for N = 2. In Figs. 4-6, the two solitons pass through each other, and the shape changes after collision. In Fig. 4 and Fig. 5 , the two soliton peaks change from equilibrium to large difference, and the soliton peaks change from large difference to almost equal height and in Fig. 6 . It is speculated that the soliton energy has a large amount of transfer during collision.
(d1) (d2) (d3) (e1) (e2) (e3) Figure 5 . The two-soliton solutions for |q 2 | with the parameters selection α 1 = √ 3
